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Abstract
Using the first-principles and Monte Carlo methods, here we systematically study magnetic
properties of monolayer octagonal-tetragonal phosphorus with 3d transition-metal (TM) adatoms.
Different from the puckered hexagonal black phosphorus monolayer (phosphorene or α-P), the
octagonal-tetragonal phase of 2D phosphorus (named as ot-P or ε-P in this article) is buckled with
octagon-tetragon structure. Our calculations show that all TMs, except the closed-shell Zn atom,
are able to strongly bind onto monolayer ot-P with significant binding energies. Local magnetic
moments (up to 6 µB) on adatoms of Sc, Ti, V, Cr, Mn, Fe and Co originate from the exchange and
crystal-field splitting of TM 3d orbitals. The magnetic coupling between localized magnetic states
of adatoms is dependent on adatomic distances and directions. Lastly, the uniformly magnetic order
is investigated to screening two-dimensional dilute ferromagnets with high Curie temperature for
applications of spintronics. It is found that ot-P with V atoms homogeneously adsorbed at the
centre of octagons with a concentration of 5% has the most stable ferromagnetic ground state. Its
Curie temperature is estimated to be 173 K using the Monte Carlo method.
PACS numbers: 73.40.Ns, 73.20.At, 75.70.Rf, 52.65.Pp
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I. INTRODUCTION
The research scope of two-dimensional (2D) materials has developed from graphene1 in
the early stage into a vast range of layered materials including transition metal dichalcogenies
(TMDs) and different 2D allotropes of silicon and phosphorus2–4. In particular, monolayer
black phosphorus, known as phosphorene or α-P, has drawn great attentions since its first
successful fabrication in 20145–7. Comparing to carbon-based 2D materials, the extra pair
of electrons in a P atom allows the phosphorene monolayer to have a band gap which can
be tuned by the strain, electric field or “cutting” into ribbons8–26. Furthermore, phospho-
rene shows good magnetic and/or magneto-optical properties27–35. These properties make
phosphorene a great potential in the applications of electronics, spintronics and photonics.
The challenge of 2D black phosphorus for practical applications is its poor stability in the
ambient environment, and thus it needs to be capsuled by other inert 2D materials, such as
h-BN7,12,21,26,36. Recently, some other layered allotropes of phosphorus beyond black phos-
phorus are proposed, such as blue phosphorus (β-P)10, γ-P37–39 and δ-P37,38. Very recently,
a new octagonal-tetragonal phosphorus is emerged, which is composed of alternate octagon
and tetragon (coined as ot-P or ε-P) instead of puckered hexagons in mono-layered black
phosphorus as shown in Fig. 140,41. The pristine monolayer ot-P is stable and exhibits
semiconducting properties [see APPENDIX]. As an elemental semiconductor ot-P allows
its corresponding 2D type diluted magnetic semiconductors (DMSs) to have a more stable
ferromagnetic state than III-V and II-VI based DMSs by preventing the formation of anti-
site defects42,43. Furthermore, the anisotropic buckled structure of ot-P in principle allows
for different coupling strength along different directions, which provides a way to tune the
magnetic properties with doping. These properties suggest ot-P to be a promising material
for 2D DMSs and spintronic applications.
In this work, a systematic study of the magnetic properties of transition-metal (TM)
atom (Sc-Zn) adsorbed ot-P monolayers (ot-P+TM) is carried out by the first-principles and
Monte-Carlo methods. It is found that except for closed-shell atom Zn all of TM atoms are
firmly binding onto the ot-P monolayer with significant binding energies. ot-P+TM systems
for TM from Sc to Co exhibit local magnetic moments. The projected density of states
shows that the localized magnetism mainly originates from the crystal field and exchange
splitting of TM 3d orbitals. The magnetic coupling and order acquired through the long-
2
range interaction between diluted defects are investigated to screening possible ferromagnets
for spintronic applications. Lastly, the Curie temperature of ferromagnets is estimated by
the Monte Carlo method. This article is organized as following: The computational details
are given in Sec. II. We present details of the optimized geometric structures and origin
of local moments with an isolated adatom in Sec. III and subsections. The long-range
magnetic coupling, magnetic order, and the Curie temperature of ferromagnetic systems is
studied in Sec. IV. and subsections. At the end, the conclusions and discussions of this
article are shown in Sec. V followed by the APPENDIX of the band structure and phonon
dispersion.
II. COMPUTATIONAL DETAILS
All the calculations are done via first-principles methods based on density functional the-
ory (DFT)44,45, as implemented in the Vienna Ab Initio Simulation Package (VASP)46,47. The
exchange correlation energy is simulated using generalized gradient approximation (GGA) in
the form of the Perdew-Burke-Ernzerhof approximation (PBE)48 functional, while the pro-
jector augmented wave (PAW)49 approximation is used to describe the core electrons as
external potentials to the orbitals of study. For structure relaxation and calculation of the
binding energies, a supercell of ot-P lattice with centered sampling point in the first Brillouin
zone is used. In the perpendicular direction to the monolayer, a vacuum layer of 30 A˚ is
used to eliminate interaction between adjacent slabs. The lattice constants for the primitive
unit cell of pristine ot-P monolayer used in this work are a = b =6.455 A˚. the k-points
mesh used for calculation carried out in a 2 × 2 supercell is 3 × 3 × 1. When studying
the influence of adsorption concentration on Curie Temperature, systems with 5 different
adsorption concentrations, i.e. 3.125%, 5%, 6.25%, 12.5%, and 25% are studied, in which
the adsorption concentration is defined to be the ratio of TM atoms vs P atoms in the
system. Spin polarized calculations are performed throughout the work. The kinetic energy
cutoff for the plane wave basis set is chosen to be 255 eV, which yields well-converged total
energies. All the structures are relaxed until the remaining force on each atom is reduced
to less than 0.01 eV/A˚.
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FIG. 1. Front view (a) and side view (b) of a 2D ot-P monolayer. The unit cell of ot-P consists of 8 atoms,
which is denoted by a square in (a). The ot-P monolayer has a non-planar buckled structure, with half of
the eight atoms at one side of a hypothetical middle plane and half at the other side. (c) Charge density
distribution at the Γ point of the valence band of 2D ot-P. The atoms labeled with 1, 3, 5, and 7 are in front
of the hypothetic middle plane, while atoms labeled 2, 4, 6 and 8 are behind the middle plane. Each atom
forms one pi and one σ bonding with its two nearest-neighbor atoms through the occupied p orbital. For
clarity, in (a)(b) and all the following figures, we use orange color (dark grey) to represent atoms above the
middle plane and yellow color (light grey) to represent atoms below the middle plane. (d)-(i) ot-P monolayer
with adsorption of a TM atom at B1, B2, C1 C2, T1, and T2 sites respectively. Our calculation shows that
C2 and T2 positions are two stable adsorption sites among the six configurations.
III. ISOLATED ADATOM
First of all, we study geometric and electronic structures of a supercell of ot-P with an
isolated TM adatom by placing a TM atom on a big supercell. The possible site of adsorption
and local structural deformation after adsorption is investigated for all 3d transition metals
on the ot-P supercell. The origin of the localized magnetic state induced by the adatom is
discussed in detail.
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FIG. 2. Optimized geometry of (a)TM@C2 and (c) TM@T2 systems. The length of the TM-P bonds in (b)
TM@C2 systems and (d)TM@T2 systems for TM from Sc to Cu. Notice that the Zn atom does not form
bonds with nearby P atoms due to its closed-shell structure. Before adsorbing, l1, l2, l3 and l4 are equivalent
in (a), and l1/l3 (not l2) are equivalent in (c). After adsorbing, they may not be equivalent due to the local
deformation of the structure. The binding energies (Eb) of the TM atoms on ot-P monolayers. Most of the
3d TM atoms, except for closed-shell Zn, have a chemisorption on the ot-P monolayer with a large binding
energy (>1.5 eV).
A. Stability of geometric structures
Before we study the magnetic property of ot-P monolayers with an isolated TM adatom,
we first check their stability of the optimized geometric structure. Different from planar
structure of graphene or h-BN, the ot-P monolayer has a non-planar buckled structure. A
unit cell of ot-P consists of eight phosphorus atoms, denoted by a square in Fig. 1(a). In
a unit cell, half of eight atoms are at one side of the hypothetical middle plane, while the
other half are at the opposite side, as shown in Figs. 1(b) and 1(c). Figure 1(c) shows
the charge density at the Γ point of the valence band. Atoms labeled with 1, 3, 5 and 7 are
in front of the hypothetic middle plane, while atoms 2, 4, 6, and 8 are behind the middle
plane. As can be seen, there is only occupied bonding orbital (no anti-bonding orbital) in
buckled ot-P. Each atom forms one pi and one σ bonding with its two nearest-neighbor atoms
through the occupied p orbital. Even in the graphene structure, there is no strong short-
range pi bonding between two adjacent carbon atoms, instead of a “big pi” bond floating
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over two sides of the graphene sheet. This all-bonding nature indicates an extremely stable
structure of buckled ot-P, which is further verified by the phonon dispersion [APPENDIX].
For all ot-P+TM systems (TM = Sc, Ti, V, Cr, Mn, Fe, Co, Ni, Cu, Zn), six possible
adsorption sites are investigated, the bridge site over a P-P bond at the side of an octagonal
ring (B1), the bridge site over a P-P bond at the side of a tetragonal ring (B2), the center of
a tetragonal ring (C1), the center of an octagonal ring (C2), the top site of a P atom above
the middle plain (T1), and the top site of a P atom below the middle plain (T2), as shown
in Figs 1(d)-(i). Through the optimization of the geometric structures of ot-P+TMs, we
find that the more preferred sites are C2 and T2 positions. Other four sites of adatoms are
found to be less energetically favourable. Regardless of their initial positions, the adatoms
will spontaneously move to either C2 or T2 position after structural relaxation. Therefore,
in the following studies only systems of ot-P+TM atoms adsorbed on C2 and T2 sites are
discussed.
Except for closed shell atom Zn, other 3d TM atoms at either C2 or T2 site is able to
bond covalently with nearby P atoms. For adsorption at C2 positions, the four covalent
bonds are formed between the adatoms and the four P atoms of an octagonal ring above the
middle plain. For T2 site, adatoms are covalently bond to the three nearest P atoms, which
together with the other P atom below form a valley at the joint corner of the octagonal and
tetragonal rings. Graphical representation of the covalent bonds and their lengths are shown
in Fig. 2. Different values of the bond length indicate that the adsorption of TM atoms
may induce a local structural deformation. Mn and Fe can induce a large deformation at
the C2 site, while Cr makes a distinguished deformation at the T2 site. Different values of
bond length also mean different binding energies, Eb, which is defined as
Eb = ETM+ot−P − Eot−P − ETM , (1)
where Eot−P , ETM and ETM+ot−P are the total energies of the pristine ot-P monolayer, the
isolated TM atom, and the system of ot-P monolayer with TM atoms adsorbed respectively.
The calculated binding energies are shown in Figs. 2(c) and 2(f). It shows that except
for the closed shell transition metal atom Zn that is physisorbed to ot-P monolayer with
a binding energy as low as 0.17∼0.40 eV, other transition metal atoms are able to bond
strongly to the monolayer with their binding energies ranging from 1.37 eV to 3.98 eV. The
proposed structures are thus believed to be stable given their high binding energies.
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FIG. 3. Magnetic moments of (a) ot-P+TM@C2 and (b) ot-P+TM@T2 systems. Each kind of systems is
further divided into three types, Type I (high spin state), Type II (low spin state), and Type III (non-spin
state). Partial density of states of (c) ot-P+V@C2 and (d) ot-P+Fe@C2 systems. Schematics of 3d energy
levels of (e) V (type I) and (f) Fe (type II) atom after adsorption on the C2 sites of ot-P monolayer. In
ot-P+V@C2, the type I system, the crystal field splitting ∆cf is smaller than the exchange splitting ∆ex,
leading a high spin state and high total magnetic moment. On the other hand, in ot-P+Fe@C2, the type II
system, ∆ex is comparable to ∆cf , resulting a low spin state and low total magnetic moment of 2µB due to
the spin-moment compensation.
B. Origin and classification of localized magnetic states
The magnetic moments of different ot-P+TM systems are shown in Figs. 3(a) and 3(b).
The ot-P+TM systems are magnetic for TM atoms from Sc to Co for adsorption at both
C2 and T2 sites. For transition metal atoms of Ni, Cu and Zn, the ot-P+TM systems are
nonmagnetic regardless of their adsorption sites.
It can be seen in Fig. 3(a) that the highest magnetic moment for ot-P+TM systems can
reach 6µB per adatom due to the extra contribution from 4s electrons. In an isolated TM
atom, the 4s orbitals are of lower energies than the 3d orbitals. However, after adsorption
on pristine ot-P monolayer, the large coulomb repulsion between the monolayer and the 4s
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orbitals of the TM atoms would push up the 4s orbitals. Electrons, originally in 4s orbitals,
would instead occupy lower 3d orbitals. These electrons would therefore also contribute to
magnetism of the systems. ot-P+TM systems can be further classified into three types for
each adsorption sites, the high spin state (type I), the low spin state (type II), and non-spin
state (type III). The classification is made basing on the degree of crystal field splitting ∆cf
and exchange splitting ∆ex of 3d orbitals in different ot-P+TM systems.
The effect of crystal field splitting ∆cf originates from symmetry breaking when intro-
ducing the TM atoms to the ot-P monolayer system. ot-P+TM systems with adsorption on
C2 sites are of D4 symmetry, i.e. there is a four-fold axis perpendicular to the hypotheti-
cal middle plane of ot-P and four two-fold axis normal to the four-fold axis. On the other
hand, ot-P+TM systems with adsorption on T2 sites are of Cs symmetry, which is lower
than the D4 symmetry. The crystal field splitting effect in such systems is therefore more
pronounced, resulting in a lower degeneracy of 3d orbital energy levels. Comparing to the
PDOS of V@C2, there are more well-spaced discrete peaks in the PDOS of V@T2(not shown
here), suggesting a lower degeneracy of energy levels in the V@T2 system. In the meantime,
different TM atoms would also induce different extend of lattice distortion at the adsorption
sites, which further breakdown the symmetry of the system. For this reason, different TM
atoms adsorbed at the same site also have different degrees of crystal field splitting of their
3d orbital energy levels. The relative values of the crystal field splitting of the system to
their exchange field splitting of 3d orbitals under external magnetic field is the essential
criterion for determination of the high spin and low spin type of the system.
The exchange splitting ∆ex is the energy difference of two electronic states due to exchange
interactions, i.e., direct overlap of electronic wavefunctions. When the crystal field splitting
∆cf is less pronounced than the exchange splitting ∆ex, the energy levels are of higher
degeneracy, as shown in Figs. 3(c) and 3(e). the schematic representation of energy levels
of V@C2. It is easier for the system to occupy all the spin-up states first before starting to
occupy the spin-down states. Thus, such systems are expected to be able to reach higher
total magnetic moment. This type of systems is of high spin case and is classified as type I
in this work. On the contrary, when the crystal field splitting ∆cf is more pronounced than
the exchange field splitting ∆ex, such system has a small amount of magnetic moments, as
shown in Figs. 3(d) and 3(f). It is because of the occupation of the spin-down states of
the lower energy levels, thus cancels the total spin of electrons and results in a lower total
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magnetic moment. For this reason, this type of systems is classified as type II – the low
spin type. When the the exchange field splitting ∆ex is zero, for example the absorptions
of Ni, Cu and Zn atoms on ot-P monolayers at both C2 and T2 sites, these systems are
nonmagnetic, defined as type III.
Using the above definition for type I (high spin), type II (low spin), and type III (non-
spin), we can classify all cases of ot-P+TM at both C2 and T2 sites. For systems with
adsorption at C2 sites, systems with TM = Sc, Ti, V and Cr are of Type I, and systems
with TM = Mn, Fe and Co are of type II [Fig. 3(a)]. For systems with adsorption at T2
sites, systems with TM = Sc, Ti, Cr, Mn, Fe and Co are of type II and the system with TM
= V is of type I [Fig. 3(b)]. The all rest are of type III [Fig. 3(a) and Fig. 3(b)]. In
particular, the highest magnetic moment in TM@C2 systems is 6µB per adatom, whereas
the highest magnetic moment in TM@T2 systems is 5µB per adatom. This is because
for adsorption at C2 sites there is higher symmetry and less splitting of 3d orbital energy
levels than that at T2 sites. Meanwhile, the exchange field splitting effect is large enough to
completely separate the spin-up and spin-down states of in total six 3d+4s orbitals, resulting
in a high total magnetic moment. Our PDOS results show that for Ni+ot-P systems the
ten outmost electrons exactly fill up the 3d orbitals, thus having a spin configuration of
no total magnetic moment. For ot-P+Cu systems, the left one electron after filling up the
spin-up and spin-down states of 3d orbitals has a delocalized nature and does not contribute
to the local magnetic moment. As for Zn, the close-shell atom is physisorbed onto the ot-P
monolayer, thus is able to maintain its atomic state without magnetism.
IV. MAGNETIC COUPLING, ORDER AND CURIE TEMPERATURE
After studying the localized magnetic state of ot-P with a single adatom, we next in-
vestigate the long-range magnetic coupling and order under different concentrations and
directions of adatoms. After getting configurations with ferromagnetic order, the Curie
temperature of ferromagnets is estimated and discussed for the application of spintronics.
In this section, V and Cr are chosen as examples to study the effect of adsorption distance,
direction, and concentration on magnetic properties of ot-P+TM systems. They are cho-
sen over other TM atoms because these two elements exhibit a high magnetic moment and
strong binding energy at both C2 and T2 adsorption sites as what has been shown in the
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FIG. 4. (a) Schematic representation of C2-type sites along two different directions. The a direction
is defined as the one along which there are alternative tetragon and octagon rings, whereas along the b
direction the octagon rings are directly connected by sharing one side with each adjacent octagon ring. (b)
schematic representation of T2-type sites along two different directions. Energy differences between parallel
and antiparallel spins as a function of distance and direction for (c) V@C2 and (d) Cr@T2.
previous section.
A. Magnetic coupling
In order to study the long-range magnetic coupling between two adatoms, we model a
supercell of a ot-P monolayer with two adatoms at different adsorption sites and along differ-
ent directions. One adatom is fixed as the origin, and then the other adatom is placed away
along two different directions [Fig. 4]. Next, we study the long-range magnetic interaction
between the origin and the other TM atom (V@C2 and Cr@T2 as examples) by calculat-
ing the energy difference between parallel- (E↑↑) and antiparallel-spin (E↑↓) configurations.
Anisotropic (isotropic) magnetic interaction is found for adsorption at C2 (T2) sites. At the
C2 site, the exchange interaction aligns the spin antiparallel along the a direction, while
aligns the spin parallel along the b direction [Figs. 4(a) and 4(b)]. As for T2 sites, along
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FIG. 5. (a)-(c) The ferromagnetic (FM), parallel antiferromagnetic (pAFM) and total antiferromagnetic
(tAFM) order of the TM adatoms in a 4 × 4 supercell at the C2 site, corresponding to an adsorption
concentration of 3.125% (Other concentrations and T2-site cases are not shown here). Energy difference
between FM and pAFM orders, FM and tAFM orders as function of adsorption concentrations for (d)
V/Cr@C2 and (e) V/Cr@T2 systems.
both a and b directions the exchange interaction aligns the spin parallel for short distances
and spin antiparallel for long distances as shown in Figs. 4(c) and 4(d). There is no
magnetic coupling (∆E↑↑−E↑↓ = 0) when the separation of two adatoms is larger than 13 A˚.
B. Magnetic order
In order to study the magnetic order under different concentrations, we use a supercell
with 4 adsorption atoms, which are evenly distributed along both horizontal and vertical
directions as shown in Figs. 5(a)-(c). Different adsorption concentrations are controlled
by adjusting the size of the supercell while keep the number of adatoms in each supercell
unchanged. Given two types of adatoms and two different adsorption sites, there are in
total four categories to be considered, V atoms adsorbed at C2 and T2 sites, and Cr atoms
adsorbed at C2 and T2 sites. For adsorption at C2 sites, four cases corresponding to the
adsorption concentration of 3.125%, 5%, 6.25%, and 12.5% are considered. On the other
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hand, as T2 sites are of lower symmetry than C2 sites, isotropic systems are only able to be
constructed with three adsorption concentration of 3.125%,6.25% and 12.5%.
To determine the magnetic order of the ground state, the energy difference of systems
with different magnetic orders are calculated as shown in Figs. 5(d) and 5(e). In this
work, we considered two types of antiferromagnetic spin configurations, as shown in Figs.
5(b) and 5(c). In particular, the parallel antiferromagnetic configuration has one row of
adatoms with the same sign of spin and the adjacent two rows of adatoms having spin of the
opposite sign [Fig. 5(b)]. On the other hand, any adatom in the total antiferromagnetic
configuration has opposite sign of spin with its four nearest neighbors[Fig. 5(c)]. Total
energy of FM, pAFM and tAFM configurations is calculated and compared. It is found that
V@C2 systems with 5% and 6.25%, V@T2 system with 12.5% and Cr@T2 system with 6.25%
adsorption concentration are ferromagnetic. Next we explore the magnetic stability of these
five ferromagnets by estimating their Curie temperature using the Monte Carlo method.
C. Curie temperature of ferromagnets
As ot-P monolayer is of square lattice geometry, the Curie Temperature of the system
can be calculated basing on 2D square lattice Ising model. Considering nearest and second-
nearest-neighbor interactions without external field, the Hamiltonian of the 2D square Ising
model is
H(σ) = −J
∑
<i,j>
σiσj −K
∑
,<m,n>
σmσn, (2)
where J and K are the nearest and second nearest coupling constant respectively, and σi, σj,
σm and σn are discrete variables representing the site’s spin that belong to {+1,−1}. In this
equation, the first sum is over pairs of adjacent spins, and the second sum is over pairs of
second-nearest neighbors. The coupling strengths between the nearest sites and the second
nearest sites can be obtained from the energy difference between systems with different spin
configurations. From the Ising model, we can write the total energy of ferromagnetic, total
antiferromagnetic and parallel antiferromagnetic systems as follows:
EFM = Enm − 8J − 8K, (3)
EtAFM = Enm + 8J − 8K, (4)
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FIG. 6. The temperature-dependent heat capacity (C) of all the previously found ferromagnetic sys-
tems. The peak of the heat capacity (C) to temperature T curve corresponding to the ferromagnetic-to-
paramagnetic phase transition temperature, i.e. the Curie temperature. Among all the systems, ot-P+V@C2
system with adsorption concentration of 5% is found to exhibit the highest Curie temperature of 173K.
EpAFM = Enm + 8K. (5)
By adding and subtracting equation 3, 4 and 5, we can obtain the expression for J and K
as:
J =
EtAFM − EFM
16
, (6)
K = −EtAFM + EFM − EpAFM
32
. (7)
The Curie Temperature is the temperature at which the ferromagnetic-paramagnetic transi-
tion happens. It is expected that the peak of the temperature-dependent heat capacity (C)
of the system will be observed at phase transition temperature, i.e. the Curie Temperature.
Here, the heat capacity (C) of the system can be calculated using the expression:
C = lim
∆T→0
∆ET
∆T
, (8)
where ∆ET is the change of the total energy of the system caused by redistribution of spins
when the temperature is increased by ∆T .
In this work, we used 100× 100 lattice points containing 104 local magnetic moments to
sample our systems. For each system at each temperature the simulation of spin distribu-
tion is looped for 2× 108 times. By observing the peak of the temperature-dependent heat
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capacity of all the systems, we found that V@C2 system with adsorption concentration of
5% have the highest Curie temperature of 173 K as shown in Fig. 6. Such low adsorption
concentration makes it possible in the experiment50–52. Even though the 173 K Curie tem-
perature is still lower than the room temperature, it is larger than most traditional DMS,
such as 5% Mn doped GaAs (Tc ∼ 120 K)50, 5% C doped ZnO (Tc = 80 K)51. Due to
the quantum confinement effect, the Curie temperature of zigzag phosphorene nanoribbons
is estimated to be above room temperature using the Monte Carlo method27. Thus, the
ot-P nanoribbons41 may have higher Tc than 173 K and above room temperature. Notice
that the mean-field approximation usually overestimates the Curie temperature28,52. For
example, the Curie temperature of the same ot-P with 5% V@C2 is around 600 K if we use
the mean-field approximation.
Using the first-principles calculations, we find that ot-P+TM systems have high struc-
tural stabilities and able to exhibit collective magnetic moments for adatoms from Sc to
Co. The adatoms with localized magnetism on ot-P monolayers provide magnetic active
sites, which can be used in sensors for detecting magnetic gas molecules. In particular,
V@C2 system with 5% concentration is found to have the most stable ferromagnetic ground
state. Its Curie temperature can achieve up to 173 K, which makes it a good candidate for
spintronics applications.
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APPENDIX: BAND STRUCTURE AND PHONON DISPERSION
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FIG. 7. (a) The calculated band structure of ot-phosphorus. The band gap is 1.96 eV using PBE and 2.77
eV using HSE. (b) The phonon dispersion of ot-phosphorus. It shows that the structure of ot-phosphorus is
stable since there is no non-trivial imaginary frequency.
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